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Abstract 

Electromagnetic and weak current operators for interacting systems should properly 
commute with the Poincare generators and satisfy Hermiticity. The electromagnetic 
current should also satisfy V and T covariance and continuity equation. In front- 
form dynamics the current can be constructed from auxiliary operators, defined in a 
Breit frame where initial and final three-momenta of the system are directed along 
the z axis. Poincare covariance constraints reduce for auxiliary operators to the ones 
imposed only by kinematical rotations around the z axis; while Hermiticity requires 
a suitable behaviour of the auxiliary operators under rotations by ir around the x or 
y axes. Applications to deep inelastic structure functions and electromagnetic form 
factors are discussed. Elastic and transition form factors can be extracted without any 
ambiguity and in the elastic case the continuity equation is automatically satisfied, 
once Poincare, V and T covariance, together with Hermiticity, are imposed. 
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1 Introduction 

Experiments on modern accelerators make it possible to investigate a variety 
of electromagnetic (em) and weak properties of hadrons. A comprehensive 
theoretical analysis of these properties encounters serious difficulties, since 
perturbative QCD does not apply to the bound state problem. In view of 
these difficulties, effective models have been developed, but both the theory 
and models use the current operator as a fundamental input for evaluating 
elastic and inelastic form factors of relativistic interacting systems. For this 
reason, it is important to understand which constraints on the current op- 
erators can be imposed taking into account only general properties, e. g., 
Poincare covariance and Hermiticity. 

For instance, in the relevant case of deep inelastic scattering (DIS) the 
cross-section is fully defined by the hadronic tensor 

W^ = ^J e^(P> 'ixV'WmP' \x')d 4 x (1) 

where q is the momentum transfer and \P',x') * s the initial state of the nu- 
cleon with four-momentum P' and internal wave function x' ■ This tensor will 
have correct transformation properties relative to the Poincare group (i.e., 
will be a true tensor) only if both the state \P',x') an d the operator 
J^(x) have correct transformation properties with respect to the same repre- 
sentation of the Poincare group. In the parton model proposed by Bjorken QTJ 
and Feynman |2j] the nucleon is described as a bound system, while the (em 
or weak) current operator J^(x) (x is a point in Minkowski space) is taken in 
impulse approximation (IA), i.e., it is the same as for noninteracting particles. 
According to the present theory based on the operator product expansion [j3j 
and factorization theorem [fJj, the parton model (even in the Bjorken limit) 
is accurate up to anomalous dimensions and perturbative QCD corrections; 
therefore the corrections to the parton model can be considered in the frame- 
work of perturbation theory. However the nucleon is a bound state of quarks 
and gluons and cannot be described perturbatively. Therefore, in princi- 
ple, the problem arises whether the operator J M (x), treated perturbatively at 
large Q = l^ 2 ] 1 / 2 , is compatible with the correct transformation properties of 
bound states. 
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In the case of model approaches, another example of the necessity of 
compatibility between the generators of the Poincare group and the current 
operators is clearly met in the investigation of elastic and inelastic hadron 
form factors within the front-form Hamiltonian dynamics |5f . In this frame- 
work hadron form factors have generally been calculated assuming that, in 
the reference frame where q + = 0, the component J + (0) can be taken in IA 
(the ± components of four-vectors are defined as p = (p° + p z )/V2). The 
main argument in favor of this assumption (see ,e.g., Refs. j§, 0, @, ]9j]) is that 
in the reference frame where q + = the production of pairs from the vac- 
uum is forbidden by momentum conservation and the operator J + {0) gives a 
contribution only for positive-energy components of Dirac spinors. However, 
the hadron form factors are determined by matrix elements of J^(0) between 
initial and final bound states and, by analogy with the case of DIS, the prob- 
lem arises whether the assumption that J + (0) is free is compatible with the 
correct transformation properties of its matrix elements. Indeed, consider 
for example the elastic electron-deuteron scattering in the Breit frame of the 
deuteron, i.e., in the reference frame where the initial and final three-momenta 
P' and P" satisfy the condition P 1 + P" = 0. If A' and A" are the deuteron 
helicities in the initial and final states, respectively, and 7a"A' = (A" | J + (0)|A') 
then, as follows from V and T co variance, all the matrix elements lypy> can 
be expressed in terms of In, Iqq, I\q and I\-\. As follows from Poincare co- 
variance, current conservation and Hermiticity, the elastic electron-deuteron 
scattering is described by three independent real form factors and therefore 
the above matrix elements are not independent. As shown in Refs. [|K)| , 0J 
and others, if r\ = Q 2 /Am? d , with the deuteron mass, then the following 
constraint, called " angular condition" must be fulfilled in the q + = frame, 
viz. 

(1 + 2n)Iu - loo - (8r/) 1/2 / 10 + Vi = 0. (2) 

However this relation is not satisfied if the matrix elements -T\"A' are calculated 
with the free operator, J^ ree (0), and therefore interactions term are needed. 
A way to avoid this difficulty has been proposed, e.g., in fliql , where 



it is noted that the three form factors can be determined by using the free 
operator Jt ree (0) for calculating only three matrix elements, while the fourth 
one can be determined (if necessary) from Eq. (@). It is clear that such a 
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procedure contains a large extent of freedom. In absence of any dynamical 
scheme, only the comparison of the results with the data can yield insight, 
if any, on the choice of the three matrix elements to be preferred. Another 
approach has been proposed in [|T2j within the covariant formulation of the 
front-form dynamics. In this approach the matrix elements (A" | J^(0)| A') with 
J^(0) = Jf ree {0) are given by the sum of eleven contributions. Only three of 
them depend upon the physical form factors (as they must do if the operator 
fulfills the Poincare covariance and the current conservation) , while the other 
contributions contain the null vector cj^, which determines the direction of 
the null plane in Minkowski space, and are unphysical. The physical form 
factors can be formally obtained if, following Ref. |T3j , two matrix elements 
are calculated by using Jf ree (0) and the third matrix element is calculated 
by using Jj ree {0) with j = 1 or j = 2. However, it remains unclear whether 
the contribution of interaction terms in the current operator to the physical 
form factors is important. 

In view of the above discussion it is important to know the constraints 
imposed by Poincare covariance on the exact current operator J M (x), and, as 
far as the em current is concerned the further constraints imposed by current 
conservation, parity and time reversal. These constraints were investigated 
in detail in Refs. [|P|, [T5], PTSfl . As shown in Ref. jP|, if the mass and spin op- 



erators for the system as a whole are diagonalized, the matrix elements of the 
current operator can be expressed in terms of reduced matrix elements which 
are not constrained by Poincare covariance. However for practical calcula- 
tions it is desirable to know all the constraints directly in terms of operators 
(see, e.g., [jlfifl), and furthermore the Hermiticity condition (discussed in de- 



tail in this paper) and the cluster separability (see, e.g., Refs. |T7|, [T8|, [19], |20j| ) 
are to be satisfied. For systems with a fixed number of interacting relativistic 
particles a current operator satisfying Poincare covariance, Hermiticity and 
cluster separability to order (v/c) 4 has been constructed in Ref. |T5|. An 
exact solution in the point form of dynamics has been considered in Ref. 
TBfl , where the current operator is expressed in terms of auxiliary operators 



defined in the equal-velocity frame, with the z axis directed along the three- 
momentum transfer. In particular, it has been shown that the free-current 
operator represents a possible solution for the auxiliary operators. 
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Finally, we mention that the requirement of locality, in the sense that 
the commutator [J M (x), J^(y)} should vanish when x — y is a space-like vector, 
could be used for choosing between different solutions, if they exist, satisfying 
Poincare covariance and the other general properties. 

Aim of this paper is the investigation of the constraints imposed on 
the current operator by extended Poincare covariance (continuous + discrete 
transformations), Hermiticity and current conservation within the front-form 
dynamics j5j. This dynamics is widely adopted and exhibits many interest- 
ing features, such as the largest set of kinematical Poincare generators and 
the boundedness from below of the P + component (see, e.g., [|9|, |2T|1). We 



have followed an approach analogous to the one of Ref. [|TBj, but applied 



directly in the front form. In Ref. by using the unitary equivalence 



of the different forms of relativistic dynamics the current operators in 
the front and the instant form corresponding to the particular solution found 
in the point form, have been constructed. It should be pointed out that 
the point-form auxiliary operators obtained from the free current generate 
both non interacting and interacting terms in the corresponding front-form 
(instant) operators. Therefore it is interesting to investigate if , also in the 
front form, auxiliary operators obtained directly from a free current can pro- 
duce an exact solution. In Ref. |T^] the direct construction of the current in 



the front-form was not considered, arguing the presence of extra difficulties 
with respect to the point form. In this paper such problems will be solved 
expressing the current operator in terms of auxiliary operators, which act 
only through internal variables and depend upon given masses for the initial 
and final system (namely considering a spectral decomposition of the cur- 
rent operator). A particular attention has to be devoted to the choice of 
the reference frame where the auxiliary operators are defined. As a matter 
of fact, in the conventional (instant form) approach to elastic scattering the 
form factors are generally evaluated in the reference frame where q° = and 
then, as follows from rotational invariance of the ordinary three-dimensional 
space, the z axis can be chosen along the common direction of the initial and 
final three-momenta of the system. Hence the problem becomes symmetric 
with respect to rotations around the z axis (= the spin quantization axis). 
In the front form, the reference frame analogous to the one adopted in the 



5 



conventional approach is the frame where q + = (for both elastic and in- 
elastic scattering). In this case, it is again possible to find a reference frame 
where both initial and final three-momenta of the system are directed along 
the same vector n, but n obviously cannot coincide with the z axis. There- 
fore the rotational invariance around the z axis is lost. It is worth noting 
that in the front form the rotation around the z axis are kinematical, while 
those around the x and y axes are dynamical. In order to take advantage 
of this peculiarity of the z axis and to restore the symmetry of the physical 
problem, we perform our analysis in the Breit frame where the initial and 
final three-momenta of the system are directed along the z axis, and as a 
consequence q + ^ 0. 

One of the main results of our investigation is that, in order to satisfy 
the Poincare covariance, the auxiliary operators in our Breit frame have to 
be covariant only with respect to rotations around the z axis. 

The paper is organized as follows: in Sects. [2|-|5| the general formalism 
relevant for relativistic interacting systems is presented; in Sects. and § the 
constraints imposed on the current operators are explicitly given; in Sect. 
the matrix elements of the current are discussed; in Sect. [TU| the application 
to DIS is investigated; in Sect. [FT] the cases of elastic and inelastic scattering 
are considered. Finally in Sect. [12] conclusions are drawn. 

2 General Formalism 

Let P be the operator of the four-momentum for the system under consid- 
eration and M^ v [M^ v = — M vfJl ) be the representation generators of the 
Lorentz group. We shall always assume that the commutation relations for 
the representation generators of the Poincare group are realized in the form 

[P^ p»] = 0, [M^, P p ] = -i{j] pp P v - T] vp P p ), 

[M^, M pa ] = -%{j] pp M va + j] VG M pp - j] pa M vp - j] vp M pu ) (3) 

where fi,v,p,a = 0,1,2,3, the metric tensor in Minkowski space has the 
nonzero components r/ 00 = —r] 11 = —rf 2 = — r/ 33 = 1, and we use the system 
of units with h = c = 1. 
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As explained in well-known textbooks and monographs (see, e.g., Refs. 
[|231 , |Z4j|), matrix elements of field operators have the correct transformation 
properties relative to transformations of the Poincare group, only if the trans- 
formation of the operators are compatible with the transformations of the 
states. This implies that the current operator should satisfy the conditions 

exp(tPx)J fl (0)exp(-iPx) = J^(x), (4) 

U{l)- l J»{x)U{l) = L{l)»J v {L{l)- l x) (5) 

where L{1) is the element of the Lorentz group corresponding to / G SL(2, C) 
and U(l) is the representation operator corresponding to /. 
In particular 

uiiy'j^opii) = L(ir„r(o) (6) 

Therefore, as a consequence of Lorentz covariance, one has 

[M» v , J p (0)] = -i(rf p r(0) - rf p J»($)) (7) 

Since some of the Poincare group generators describing Poincare trans- 
formations of the bound states are necessarily interaction dependent, the 
above expressions show that J fJ '(x) is a relativistic vector operator only if it 
depends on the interaction present in the system under consideration. In 
general, it is not clear whether this condition can be compatible with the 
usual assumption that J + {0) is free. Moreover, as already explained, there 
exist cases where this assumption is definitely incompatible with Poincare 
covariance and current conservation (see, e.g., Refs. [jnj P5fl). 

3 Irreducible representations of the Poincare group 
with positive mass 

In order to describe a relativistic system of interacting particles it is 
necessary to choose first an explicit form of the unitary irreducible represen- 
tation (UIR) of the Poincare group describing an elementary particle of mass 
m > and spin s. There are many equivalent ways to construct an explicit 
realization of such a representation [|25], |27| • We choose the realization which 
is convenient in the front-form dynamics 0. 
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Let p be the particle 4-momentum, g = p/m be the particle 4- velocity 
and s be the spin operator. Since p 2 = m 2 , only three components of p are 
independent. We choose p ± and p + as such components, where p ± — (p x ,p y ). 
Let o be the projection of the spin on the z axis. The one-particle space can 
be chosen as the space of functions (p(p, a) = a) with the norm 

<*> = £ / \<f>(p±,P + ,<r)\ 2 dp( P± ,P + ) (8) 

where 2 

If an element of the Poincare group (a, /) is defined by the four-vector 
a and by the matrix / G SL(2,C), then the corresponding representation 
operator acts as 

(p^PiaJM = U(a,l)<f>(p : a) = exp(ip> a) £ D s aa ,[W (I , g')W , a') (10) 

a' 

where p' = L(l)~ l p and W(l, g') is the front-form Wigner rotation defined as 

W(l,g')=p(g)-Hp(g') (11) 

The matrices (3(g) G SL(2,C) represent the front-form boosts and their com- 
ponents are given by 

Al = &2 1 = 2 l7 V) 1/2 5 012 = 0, = + ^)/?22 (12) 

In Eq. (PH|), D s (u) is the matrix of the UIR of the group 5?7 (2) with the spin 
s, corresponding to u G SU(2) (it is easy to verify that VF(Z, </) G SU(2)). 

A direct calculation shows that, for the UIR defined by Eqs. ( pD| ) and 
(jnj), the generators have the well-known form (see, for example, Refs. [|28| , 



m + - = i P + ^-, M + ^ = -ip + ^- v M*y = e( P± ) + s z , 

op + op 
M'i = -i(p ] j^- + P~^-) - ^(ms l + p l s z ) (13) 
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where a sum over j, I = x, y is assumed, eji has the components e xy = — e yx = 
1, txx = e yy = and -£(p) = — x (3/ dp) is the orbital angular-momentum 
operator. 

The presence of the matrices /3(g) in Eq. (|TT]) is very relevant. Let B 
be a subgroup of SL(2,C) such that b G B if &n = &22 1 > 0? ^12 = and 621 is 
an arbitrary complex number. Then, it is clear from Eq. ([T2]) that B is the 
set of the front-form boosts and one can verify by a direct calculation that 

b(3(g) = (3(L(b)g) if b G B (14) 



Therefore, as follows from Eqs. ( |TT|) and ([[3D, the Wigner rotations corre 



sponding to b G B are equal to 1 and, as follows from Eq. ( |K)|) , the action of 
the representation operators corresponding to b G B and a = is especially 
simple, viz. 

U(b)<f>(p,<T) = <KL(b)- 1 p,a) (15) 

The representation generators of the group B are and M +J (see, e.g., 

|2T| , |30|1 ) and it is clear from Eq. ( p~5|) why they do not depend on s (see Eq. 



(|T3|) ). The important role of the group property ( |T4] ) has been pointed out 
inRef. 



Each element of the group SL(2,C) can be uniquely written as / = (3(g)u, 
where u G SU(2) (see, e.g., Ref. |j27f). Another possible representation is 
/ = a(g)u' |27|1 , where 

g° + 1 + rg 

a{9) = [2(,o + l)]i/2 ( 16 ) 

and r are the Pauli matrices. The matrices a(g) represent the instant- 
form boosts and do not form a group. The choice of a(g) instead of (3(g) 
is convenient for investigating discrete symmetries and conventional three- 
dimensional rotations. In particular one has 

ua(g) = a(L(u)g)u (17) 

The relation between the matrices a(g) and j3(g) is 

1 j j j ^ ^7 ^ 

(3(g)=a(g)v(g), v(g) = [ 2 (l + g0)fo0 + ^3)]i/2 ( 18 ) 
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where v(g) G SU(2) is the so called Melosh matrix [0211 , which in the given 
context was first considered in Ref. [^J. In particular, note that if g l = 
(/ = 1, 2) then v = 1. Such a property will be used in the following sections. 

Let us now consider the discrete symmetries, space reflection and time 
reversal. For the reasons which will be clear later, it is convenient to consider 
not the full space reflection V, but only the reflection relative the y axis, 
V y = VR y {ir) (where R y {7r) is a rotation around the y axis by n). The action 
of the corresponding operator is given by 

{p\Uy\ip) = Uy(p{p) = T] V eXp{-l7TSy)ip{p) (l9) 

where rj-p is the V parity of the particle under consideration, p differs from p 
by the sign of the y component: p = (p x , —p yi p + 1 p~) and the action of R y {^) 
can be obtained from Eq. (PHI). 

Instead of T covariance we will consider 9 covariance, where 9 = VT . 
The action of the corresponding antiunitary operator is given by 



{p,a\U e \(p) = U 9 (p{p,(j) = r)e(p, a\exp(-ms y )\(p) (20) 

where t]q is the 9 parity and the bar means the complex conjugation. 
4 Representations of the extended Poincare group for 
systems of noninteracting particles 

The space 7i for the representation of the Poincare group describing a 
system of TV free particles with the masses rrii and spins Sj (i = 1,2,...,N) 
can be realized as the space of functions ^i? ■■■iPn^iPni g n) with 

the norm 

r N 

(<P\<P) = E / \0(Pi±,Pii (J 1t-,Pn±,Pn,vn)\ 2 II dp{p lL ,pj) (21) 

a 1 ...(T N J i = \ 

Instead of the variables p 1± , pf,..., Pn±, Pn> we introduce the variables 
P±, P + , fei,...,fejvj where P = p\ + ... + Pn is the total four-momentum, and 
ki is the spatial part of the four-vector 

h = L[(3(G)]- l Pi , (22) 
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with G = P/M and M = \P\ = IP 2 ] 1 / 2 . The action of the boost L[(3(G)}- 1 
is such that P' = L[(3{G)Y l P = (P' ± = 0, P'+ = Mq/v^, P' = M /v^)- 

As follows from Eqs. (jT2j) and (|22|) , it is also possible to use the following 
internal variables: 

& = f^ = x/2^-, k i± =p iL -&P± (23) 

The four-vectors have canonical components (co^p/) , Pi) , and the 
four- vectors fcj have the components (cui(ki), fcf), where cj^(fc) = (mf + fc 2 ) 1 / 2 
and k z = — 1/2) Mq. In turn, only TV — 1 vectors ki are independent since, 
as follows from Eqs. ( |22j) and ( p3|) , fei + ... + fejv = 0, i.e., fej are intrinsic 
three-momenta. It is easy to show that Mq = Ui(ki) + ... + o;jv(feiv)- 

A direct calculation shows that 

iV 

II dp{p lL ,pj) = dp(P ± ,P + )dp(int), 

i=\ 

i \ N 
dp{int) = 2(2tt) 3 M (5 (3) (A; 1 + • • • + k N ) U d Pl (k l± ,k+) (24) 

i=l 

Therefore the space H can be realized as the space of functions 
4>(P±, P + ; ki, di, fc/v, <7/v) such that 



(<f>W= E \cl>{P± : P + ;k h a h ... : k N: a N )\ 2 dp{P ± ,P + )dp{int) (25) 

at...a N J 

Let us also define the "internal" space Hint as the space of functions 
x(fei, (Ji, fc^y, ctjv) such that the norm is equal to 

(x\x) = E / \x(ki,(Ti, ...,k N ,(i N )\ 2 dp(int) (26) 

<7l...<7jV J 

Note that in front-form dynamics the operators P± and P + are al- 
ways equal to the operators of multiplication by the corresponding variables. 
Therefore the use of the same notations (P±, P + ) for both the variables and 
the operators should not lead to misunderstanding. Since the structure of 
the operators (jPj_, P + ) is clear, in the following we will consider only the 
structure of the remaining seven generators of the Poincare group. For non- 
interacting particles they are equal to sums of the corresponding one-particle 
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generators given by Eq. (|T3|) . A direct calculation of these sums shows that 
in the variables P±, P + , k\, fc/v one has 



2 p+ ' ir 5 P+' 

M+J = -* p+ ^]i MXy = i z (P±) + S^ 

M~ j = ~<P J ^T + P ~^j) ~ + PSS) (27) 

where £(P) = -iP x (d/dP). 

The operator So in Eq. ( |27| ) is the spin operator for the system as a 
whole. It acts only through the variables of the space Tii n t and is unitarily 
equivalent to the spin operator in the conventional form (see, e.g., Refs. 



So = {f[ D*[v(^)]}-\C + s 1 + ... + s N ){f[ L>>(^)]} (28) 

i=l m i i=l m i 

where C is the total internal orbital angular momentum operator. 

We see that the many-particle generators have the same form as the 
free ones, if in Eq. flI3|) p is replaced by P, m by Mq and s by So. 

It is possible to show that the same is valid for the many-particle opera- 
tor Uy. However, for practical purposes it is sufficient to represent the action 
of this operator in the form 

(P X , Py, P + \Uy\ip) = Uy, int (P X , ~Py, P+fo) (29) 

where, as follows from Eqs. ( |I9|) and Q23Q, the action of the operator U yj i n t 
in the space of internal variables is given by 

N _ 

(k 1 ,...,k N \Uy )ir a\x) = {II npi^p(-nrsiy)}x(ki, ...,k N ) (30) 

where j]-p i is the internal V parity of particle i, and ki = (ki x , —ki y , ki z ). 

Analogously, as follows from Eq. Q2Dp , the action of the operator Ue for 
the system whole can be written as 



(Fx, P+; SS z \U e \ip) = rj e (P ± , P+; SS z \exp(-z<irS y)}\y>) (31) 

12 



5 Systems of interacting particles in the front form of 
dynamics 



If the particles interact with each other, then the representation space 
remains the same as in the case of free particles, but the representation 
generators of the Poincare group differ from the corresponding free generators. 
One of the simplest way to preserve the relativistic commutation relations is 
to replace Mq in Eq. (|27|) by a mass operator A4 which acts only through 
the variables of the space Hint and commutes with So- Then 

P = ^+pj M+ - = lP+ o 



2P+ dP+ 



z 
0; 



M ~ 3 = -< P 'W^ + P ~Jpl) ~ ^ MS o + P ' S o) ( 32 ) 

Such a procedure was first proposed by Bakamjian and Thomas |£| . 
According to the Dirac classification |5j , the generators in Eq. fl52Q are given 
in the front form of dynamics, since this form is characterized by the condition 
that only the operators P~ and M~i are interaction dependent, while all the 
other seven generators are free. 

In this procedure, however, cluster separability [|T7|, [T8|, 03 is not 
implemented. In order to satisfy cluster separability the spin operator in the 
general case (N > 3) has to be interaction dependent and the generators 
can be obtained from Eq. (^2|) by replacing A4 by M = AM. A 1 and Sq by 
the operator S, such that S z = and ^Sq^ 1 = S j35|, gg, H, where the 
unitary operator A acts only through the internal variables. In this case the 
operators M and S must commute with each other. The operator A is the 
front-form analog of the Sokolov packing operator |T8j ; an explicit expression 
for A can be found, for example, in Refs. |T9], [21], [30|, ft5fl . The choice A = 1 
is possible when in a system of particles there exists only the A-particle 
interaction or there is a confining interaction (see, e.g., |2U], |ZTf). 

It is important to note that the form of the operators in Eq. (even 
if Sq is replaced by S) does not explicitly depend on the number of particles. 
Therefore one could argue that such a form can also be valid when the number 
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of particles is infinite and even when this number is not a conserved physical 
quantity. Indeed, according to our intuition, there should always exist a 
representation in which the external motion is purely kinematical, while all 
the information about dynamics is contained in the mass operator which 
acts only through internal variables. The representation ( ffiZQ has just such 
properties and therefore one might expect that any other representation in 
the front form is unitarily equivalent to that given in Eq. ( |32|) . 

A difficulty in front-form dynamics is that the operators Up and Uj 
corresponding to space reflection and time reversal should necessarily be in- 
teraction dependent. This follows in particular from the relations 

UpP + U p l = U T P + U T 1 = P (33) 

However, as noted by Coester Iffiifl , the discrete transformation V y such that 
V y x := {x°, xi, — X2, £3} leaves the light cone x + = invariant, and there- 
fore it is kinematical. The full space reflection V is the product of V y and 
a dynamical rotation around the y axis by n. Thus V is not an indepen- 
dent dynamical transformation to be considered besides the rotations around 
transverse axes. Similarly the transformation 9 leaves x + = invariant and 
T = 9V y R y (7r). Therefore the interaction dependence of the operators Up 
and Ut in the front form does not mean that there are discrete dynamical 
symmetries in addition to the rotations around transverse axes. We con- 
clude that the operators U y and Ug are interaction independent and can be 
chosen to be the same as for a system of free particles (see the preceding sec- 
tion). Then the generators given by Eq. ( |52| ) will satisfy extended Poincare 
covariance if 

U y , m tMU y } nt = M, U yM AU-} nt = A, 

U e MU e l = M, U e AU e l = A (34) 

Let Hi be the orthogonal projector onto the subspace Hi = H{H corre- 
sponding to the eigenvalue of the operator M equal to Mj and to the eigen- 
value of the spin operator equal to S{. Therefore by analogy with Ref. []T1] 
we work in the representation where the mass and spin operators are diag- 
onalized. In constituent quark models the spectrum of the mass operator 
is discrete, but in the general case one has also to consider the continuous 
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spectrum (e.g., in the parton model). For this reason we will not specify 
whether the index enumerating the eigenstates of the mass operator is dis- 
crete or continuous. In the latter case a sum over i should be understood as 
an integration. 

If 0(P_l, P + ] ki, oi, fc/v, °~n) £ 7~Li it will be convenient to use the 
notation <f>i{P\ k\, <j\, kjsf, ctjv) having in mind that the four-vector P has 
the components (P ± ,P + ,Pf), where Pr = (Mf + P\)/2P + . Then, as 
follows from the comparison of Eqs. (pD|), ( p73|) and (|32|), the action of the 
representation operators of the Lorentz group can be written as 

(P\S ii S ix \U{l)\(l> i )=Y.D$,s>. [W^Pl/M^P'-S^S'^) (35) 
where P' = L{l)- l P. 

6 Current operators in the front form of dynamics 

The translational covariance of the current operator implies that Eq. (f|) is 
satisfied and we can consider this expression as the definition of J (J '(x) in terms 
of J M (0). Adopting this definition it is easy to show that Poincare covariance 
of jv(x) takes place if i) J M (0) satisfies the Lorentz covariance condition (j6|) 
and ii) the Poincare group generators satisfy the condition (0). Therefore 
the problem of constructing J^{x) can be reduced to that of constructing an 
operator J M (0) which satisfies the condition (§) and therefore Eq. (0). 

As follows from Eq. (||), the continuity equation dJ^(x)/dx^ = in 
terms of J M (0) reads 

ft, J"(0)] = (36) 
Eqs. (0) and ([351) show that in the general case the operator J M (0) 



cannot be chosen the same as for free particles. Indeed, the free operator 
Jj ree (0) obviously satisfies the conditions (0) and (^5|) when the corresponding 
representation generators of the Poincare group are free, but in general does 
not properly commute with M^ v and P M , when these operators are interaction 
dependent. 

In the front form the set M^ v contains both free and interaction depen- 
dent operators and therefore the problem of constructing the operator J p (0) 
satisfying Eq. (j7j) appears to be more complicated than in the point form, 
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where only P^ contains the interaction |TBJ . Osborn |37j used this equation to 
express the operators </ J (0) and J~(0) in terms of J + (0) and then he obtained 
a restriction on the kernel of the latter operator. This restriction, which was 
called the angular condition (as well as the condition (@)), involves triple 
commutators and therefore it is difficult to solve. As shown in Ref. [125(1 , the 
Osborn angular condition is automatically satisfied to first order in Q, but it 
is not satisfied to second order if J + (0) is free. In what follows we will con- 
sider the constraints on the whole set of components of the current, adopting 
a spectral decomposition of the current operator. Such a procedure allows 
one to overcome the difficulties related to the presence of the interaction in 
M^, since the dependence upon the interacting mass operator becomes a 
dependence upon its eigenvalues. 

If extended Poincare covariance is required (as it is the case for the em 
current operator), the operator J M (0) should also properly commute with the 
operators U-p and Ur which, as explained in the preceding section, are inter- 
action dependent. However, as explained in that section, the usual Poincare 
covariance and the proper commutation relations with U y and Ug guarantee 
that extended Poincare covariance takes place. Therefore the operator J^(0) 
should satisfy the conditions 

UyJ^Uy 1 = (A.)^(O), (37) 

UeJ^Ue 1 = ^ M (0) (38) 
where the only nonzero components of the matrix A y are 

(A y )g = (A,)} = -(A,)! = (A,)* = 1. 

The action of the operator J M (0) can be written in the form 

(P ± ,P + \J»(0)\<p) = 

/ J»(P ±1 P+; Pi, P' + )(P' ± , P' + \(p)dp(P' ± , P >+ ) (39) 

where the kernel J fi (P±,P + ]P' ± ,P' + ) is an operator in Hint at any fixed 
value of its arguments and the projection (P±, P + \<-p) is a state belonging to 
Hint- As follows from this expression, the operator J M (0) will be selfadjoint 
if 

J»(P ± , P + - P ± , P' + y = J»(P' ± , P'+; P ± , P + ) (40) 
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where * means the Hermitian conjugation in Hint (in the general case the 
property of an operator to be selfadjoint is stronger than to be Hermitian, 
but we shall not discuss this question). 

As mentioned above, the key property that allows one to generalize 
to the front form (and also to the instant form) the approach of |TEj] is the 
following spectral decomposition of the current operator, viz. 

J"(0) = E IV^O)^- = £ J»(M U Mj) (41) 

ij ij 

where 

J»{M U Mj) = ILi J^ILj (42) 

is the part of J M (0) describing the transition from 7ij to Hi (for the sake of 
brevity we do not write the arguments Sj and Si). If (P±, P + \ ( fj) £ ^-h ^ nen 
we can reexpress Eq. ([&[) in the form 

(P^p+IJ'W.M;)!^) = / J"(Pi-,pj) 

<P' ± ,P' + |^(P' 1 ,P' + ) (43) 

where 

j"{Pv,p$ = (p ± ,p+|n^(o)n J |p' ± ,p'+) = 

r(P ± , P + , M z ; P' ± , P' + , Mj) = Il t J>\P ± , P + ; P ± , P' + )Uj (44) 

Therefore the operator J M (0) is fully defined by the set of the operators 
J M (Pi, Pj), with definite values of the masses. At any fixed values of (Pj_, P >+ ) 
and (Pj_, P + ) these operators act from Hj. int to Hi >int , where % iint = IWHint- 
Since the spaces 7-^ are invariant under the action of the representation oper- 
ators of the extended Poincare group, the restrictions imposed on the opera- 
tor J M (0) by extended Poincare covariance and current conservation (see Eq. 
(|36|)) can be formulated in terms of J fi (Pi]P-). As follows from Eqs. (|40|) , 
(ggp , (|53|) and (p|), the operator J^(0) will be selfadjoint if 



J^P^^J^P^P,) (45) 
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7 Extended Lorentz covariance of the current operator 



As explained in the preceding section, the problem of constructing a Poincare 
covariant operator J^(x) can be reduced to that of constructing a Lorentz 
covariant operator J^(0). This operator is fully defined by the set of opera- 
tors J^(P±, P + ; P'j_, P + ) (which in turn are defined by the set of operators 
J^{Pi] Pj)) acting through the internal variables. 

First of all, let us consider the covariance with respect to continuous 
Lorentz transformations. From relativistic invariance of dp(P' ± ,P + ) and 
from Eqs. (@), ([□]), (|35|), (|42]) and (03]), the operator J^(0) will be Lorentz 



covariant if J fJ, (Pi] Pj) fulfills the following relation 



J"(P h P;)D s 'lW(l,L(ir^)] (46) 

for (almost) all values of (P' ± , P +) and (P ± , P + ). If I is a front-form boost, 
i.e. / = b G B (see Sect. |3|), the Wigner rotation becomes the identity and 
then, as follows from Eq. one has 

L{by v r{L{by l p u Hb)- 1 ^) = J»(p h p;) (47) 

In order to investigate in detail the constraints imposed on J^(Pi; P-) 
by Lorentz covariance, it is convenient to consider the current in a general 
Breit frame, and then the current in a particular Breit frame where the three- 
momentum is directed along the z axis. In the latter frame, as will be clear in 
what follows, one can take advantage of the rotational symmetry, differently 
from the case where the frame q + = is chosen. It is worth noting that the 
definition of a Breit frame is possible because the masses are well defined in 
both the initial and final states. (In the point form, cf. the construction 
of the covariant current was carried out in the equal-velocity frame, and 
therefore it was not necessary to fix the masses). The Breit frame is defined 
as the reference frame where the initial and final momenta are 

Ki = BiH^Pi, K', = BlHij)'^ (48) 
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In Eq. (H) Hij = (Pi + P'j)l\Pi + Pj| and B(H l3 ) denotes the Lorentz trans 
formation L[/3(Hij)]. The four- vectors Ki and If'- in Eq. 



K? = M 2 , X 



'2 



^ + K'i = 



are such that 
(49) 



Therefore the four-vectors and are fully determined by one three- 
dimensional vector Kij = Ki. The relations can also be directly ob- 
tained from Eqs. ([12]) and fl33[), since, as follows from these expressions 
(compare with Eq. (|Z3p) one has 

P; K l± = P l± -V2K+H lJ± 



KT = 



(50) 



(51) 



and i^- is given by the same expressions with P{ replaced by Pj. 
As follows from Eqs. ( |471) and (||8|), 

J"(i* Pj) = B(R l3 y v3 v (K l3 - M h Mj) 

where we use j v (Kij] Mi, Mj) to denote J^[Ki, K'-), i.e. the current in the 
Breit frame. From Eqs. (|45"1) and (|5I]), the condition for the Hermiticity of 
the operator J^(Pi, Pj) will be satisfied if and only if 

f(K ij; M h Mj)* = f(-Kij] Mj, Mi) (52) 

Since the operator J fI (Pi,P') can be expressed in terms of 
2 v {Kij\ Mi, Mj), we will look for the properties of j v {K{j\ Mi, Mj) such that 
the operator J fJ, (P i ,Pj) defined by Eq. (|5~T1) satisfies Eq. (|45p . This latter 
becomes in terms of j v (Kij] Mi, Mj) 

flLlW-^L^H^Kij-Mi^j) = L[W-\l,L(l)- l H i: ^ 



L iJJ\v 

D Si [W-% UD 'j^ /iK,,: Mi, Mj)D s i[W~\l, Lil)' 1 ^)]- 1 (53) 



M, L 

Let us define u G SU(2) as follows 

u = W-\l,L{l)- 1 H lJ ] 
As shown in Appendix A, from Eq. ( |54| ) one has 



-iPi 



W-%L(l)-^) = W(u, 



W-\l,L(l)-^ 



, K 'i 



(54) 



(55) 
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Therefore Eq. ( |53j ) becomes 

nHu)K& M h Mj) = L(utD s *[W(u, ||)] • 

f(K ij; Mi, Mj)D Sj [W(u, (56) 

It is clear that if Eq. ( |5B|) is satisfied for any u G SU(2), then Eq. ([53]) 
is satisfied too. Therefore we can investigate Eq. ([SB]) only. 

As follows from Eqs. (pTT|), ( |T7]) and ([I8|), Eq. flSBQ can be written in 
the form 

Ki \ — 1 / 

— win — 



f{L{u)K l2 -M u M 3 ) = L(uy y D s >[v(L(u)^)-\v&)] 



f(K if , M h Mj)D Sj [v(^-)~ 1 u~ 1 v(L(u)^-)] (57) 

where the Melosh rotations v appear instead of the boosts (3 (see Eq.(|T^)). 
This replacement will be useful in the following. Note that when K{j = 
Eq. (|57|) becomes 

f(0; M h Mj) = L(uf v D s *(u)f(Q- M h M j )D s ^{u)- 1 (58) 

We conclude that the operator J fi (P i ,P-) will satisfy the Lorentz co- 
variance condition (f|5|) if the operator j v {Kij] Mi, Mj) satisfies the rotational 
covariance condition ( |57| ) for any u. In the point form, the equation analo- 
gous to Eq. ( |57| ) does not contain Melosh matrices, but the relation between 
J M and j v is more complicated than Eq. (|5~T1) [|TB . 



Equation (|57| ) can be used for expressing j u (K; Mi, Mj), correspond- 
ing to an arbitrary three-momentum K, in terms of auxiliary operators 
j^(Ke z ; Mi, Mj), which are constrained only by covariance relative to ro- 
tations around the z axis, u z , and not by the full SU(2) covariance. The 
auxiliary operators j^(Ke z ; Mi, Mj) represent the current in a Breit frame 
where K is along the z axis. If K = Ke z , where K = \K\ and e z is the unit 
vector along the positive direction of the z axis, then from ( |57|) one has for 
rotations around the z axis 



f(Ke z ; M h Mj) = L(u z Y v exp(-iipSf)f(Ke z] M t , M 3 )exp{i^S*) (59) 
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where exp{—npSf^\) = D Si ^{u z ) and the relation v(g) = 1 for g ± = has 
been used (see Eq. (P78|) ) . From Eq. (|5D|), it is clear that both j + and j~ 



must be diagonal with respect to the third component of the spin, while j ± 
should properly transform with respect to the rotations u z . 

In order to demonstrate that the auxiliary operators are constrained 
only by covariance relative to rotations around the z axis, let r(K) G SU(2) 
be such that L[r(K)]Ke z = K. In particular, if cp and 9 are the polar angles 
characterizing the vector K, then r(K) can be chosen in the form 

r(K) = exp(--ipT3)exp(--0T 2 ). (60) 

Then, from Eq. (|57|), replacing Kij with Kije z and u with r(Kij) one 

has 

f(K ij; M h Mj) = LHK^tD^v^rhiK.^)] ■ 

f(K i je z ;M i ,Mj)D s ^[r(K i j)- l v(^-)} (61) 

where the property of the Melosh rotations that v(g) = 1 for g ± = has 
been used once more. Now we consider this expression as the definition of 
j^(Kij] Mi, Mj) in terms of j^(Kije z ; Mi, Mj). Note that this definition is 
meaningful only if ^ 0. Using Eq. (|6T|) , it is easy to show that Eq. (|57|) 
in terms of j^(Kije z ; Mi, Mj) becomes 

f(K ijez ; Mi, Mj) = LiriL^K^uriK^Z ■ 
D^riL^K^uriK^fiK^; M h Mj) ■ 
D^riL^K^uriK^)}- 1 (62) 



From the properties of the products of rotation operators (see, e.g., | 
one obtains r(L(u)K i j)~ 1 ur(K i j) = u z , where u z is a well-defined rotation 
around the z axis. Therefore, if j^(Ke z ; Mi, Mj) satisfies Eq. for any u z , 
then ji*(K; Mi, Mj), defined by Eq. (0), fulfills Eq. (f57|). This means that, 
in order to fulfill Poincare covariance, J^(Pi, Pj) can be expressed in terms of 
the auxiliary operators j^{Ke z ; Mi, Mj) constrained only by rotations around 
the z axis. 
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The property of Hermiticity (cf. Eq. (|52|) ) for j M (0; Mi, Mj) reads 



f(0;M i ,M j )* = f(0;M j ,M i ) (63) 

while for \K\ 7^ 0, from Eq. (|6T|), the property of Hermiticity for 

f{Ke z , Mi, Mj) becomes 



fiKe^M^MjY = L(r(K)-V(-K))^[r(K)- 1 r(-K) 
f(Ke z ; M j: Mi)D s *[r(K)- l r(-K)]- 1 = 

Lfr^-^l^ir^-Tr^^^e^M^M^^fr^-Tr)])- 1 , (64) 



since from Eq. (|5U|) one has 



IT 

r(Ky 1 r(-K) = exp(i-n) = in = r x (-ir), (65) 

where r x (— tt) G SU(2) yields the rotation by — tt around the It is 

worth noting that Eq. (|53]) represents a non trivial constraint when Mi = Mj 
(i.e., for elastic form factors), because in this case the rhs and the lhs contain 
the same operator. In the inelastic case, one could construct the current 
defining the operator j^(Ke z ; Mj, Mi) for Mi < Mj and use Eq. ( [51 ) in 
order to extend the definition of the current also for Mi > Mj. Another 
possible choice is to define the current for any value of the masses; in this 
case Eq.(^) becomes a non trivial constraint also in inelastic processes. We 
will call Hermiticity condition the relation given by Eq. (|Slp . 



Let us now summarize the above results. The current operator J M (0) 
satisfies Lorentz covariance if the operator J fX (Pi, P-) satisfies the condition 
(|35p. This condition is satisfied if i) J^{P i ,P' j ) is defined by Eq. (|5T]), ii) 
f(K;Mi,Mj) is defined by Eq. (0), if if ^ 0, and satisfies Eq. fl5?f) if 
K = 0, and iii) the auxiliary operators j M (i^e z ; Mj, Mj) satisfy Eq. (|59| ). In 
addition, Eqs. (|53|) and (^4J) guarantee that the operator J^(0) constructed 
in such a way is Hermitian. 

Of course it is possible to choose another set of minimally constrained 
operators by choosing K along any other axis. However the choice of the 
reference frame where K = Ke z is the most convenient, since the rotations 
around the z axis are interaction independent and furthermore there are no 
Melosh matrices in Eqs. ( |5D| ) and (|5||) (this follows from the fact that v(g) = 1 
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if g is directed along the z axis). It is worth noting that the continuous 
Lorentz transformations constrain the current j^(Ke z ; Mi, Mj) for a non- 
interacting system in the same way as in the interacting case, namely Eq. 
fl59p holds for both non-interacting and interacting systems, since rotations 
around the z axis are interaction free. 

For the em current, also V and T covariance is required, i.e. extended 
Lorentz covariance is needed. As explained in Sects. [5| and |6J, the current 
operator satisfies V covariance if it satisfies Poincare covariance and Eq. (1371). 



As follows from Eqs. (pSQ, (|3g), (|39HH), (& and (EDJ, tne condition (|37]) is 
satisfied if and only if 

(AyW(K, Mi, Mj) = U yM f(K, Mi, M 3 )U y l t (66) 

where K — (K x , —K y , K z ) 

As follows from Eq. ( |6T|) , this condition in terms of j fi (Ke z ; Mi, Mj) 

reads 

(A y )»f(Ke z , Mi, M^ = U y , int f(Ke z ; M h M 3 )U-} nt (67) 

where the properties A y L[r{K)]A y l = L[r(K)} 

and U yM D Si [v(K i /M i y 1 r(K)} U~j nt = D Si [v(Ki/M i y 1 r(K)} have been 
used. 

Analogously, as follows from Eqs. (|3~C]) , (1391 - 1^ ), and (|5T|), the condition 
which guarantees 6 covariance, is satisfied if and only if 



f(Ke z ; M h Mj) = U f(Ke z ; M % , Mj)U e l (68) 

The constraints imposed on the current for an interacting system by 
extended Lorentz covariance can be fulfilled by a current composed in our 
Breit frame by the sum of only one-body currents (e.g. E]=i jf re e,ii where N is 
the number of constituents in the interacting system), while some additional 
care must be adopted for the Hermiticity (cf. Eq. ([641) and Sects. [TO] - 
|TT| ). The extended Lorentz covariance is clearly satisfied by the one-body 
free current, since the constraints are the same for a non- interacting and an 
interacting system (cf. Sect. 0). It is worth noting that the same analysis 
performed in our Breit frame can be carried out in any other reference frame 
obtained by a boost along the z axis, since the symmetry around the z axis 
is preserved. 
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Ajf ree A 



If the cluster separability is important, i.e. i / 1, one can adopt 
1 'as discussed in Sects. [TU] - |TT] and in [|TB|, 



in order to construct 



a current which fulfills extended Lorentz covariance and Hermiticity. 



8 Current conservation and charge operator 

The results of the preceding section give the full solution of the problem 
of constructing the current in the front form as far as Poincare covariance 
and Hermiticity are concerned. However the em current operator (differently 
from the weak one) should also satisfy current conservation and a proper 
normalization condition in terms of the electric charge of the system. 

As follows from Eqs. ( ggp and (UH), the continuity equation will be 
satisfied if 

(Pi - P;), J»(Pi, P'j) = 0, (69) 
In the Breit frame Eq. (|69p (cf. Eq. (|5~T| )) becomes 

(K-r - K'j)j + (K; M { , Mj) + (K+ - K't)j-(K; M h Mj) - 
2K ± -j ± (K;M l ,M J )=0 (70) 



where K+ = {Jm[+\K\ 2 + K g )/y/2 and K'] = (y/Mf + \K\ 2 - K g )/y/2, 
while Kf = (Mf + \K ± \ 2 )/(2K+) and K'j = (M 2 + \K ± \ 2 )/(2K'+). 
UK ± = and K z ^ 0, then Eq. ((7U|) yields 

M 2 M 2 

(^+ " ^+)^(^ e - M - M i) + (^ + " K 1)r(Ke z - M it Mj) = (71) 

* j 

while, if K = and Mi ^ Mj, then from Eq. ( [7T|) we have 

j-(0; Mi, Mj) = -j + (0; M { , Mj). (72) 
By taking the derivatives of Eq. ( |7D| ) at K = 0, one has 

j ± (0; M h Mj) = ^(M l - Mj)-^- [j + (0; M h Mj) + j~ (0; M<, Mj 



[j + (0;M i ,M j )-j-(0;M i ,M j 



U M i - M i)^F b' + (°; M - M j) + r(0; M h Mj)\ (73) 
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In particular if Mi = Mj one has from Eq. ([73]) 

j ± (0;M h Mi) = 

j + (0;M l ,M l )=r(0;M l ,M l ) (74) 

Note that the signs in Eq. ([72]) (inelastic case) and in the second line of (|73|) 
(elastic case) differ each other. 

As follows from Eq. (|7T|), if K ^ then only j + (Ke z ; M h Mj) and 
j~(Ke z ; Mi, Mj) are constrained by the continuity equation, viz. 

\M?/{2K+) - Mf/{2K'+)} x 
r (#e,; Mj, Mj) = - [ ' A ' + >1 K ]J1 J + {Ke z ; M h Mj). (75) 



(K+ - K 



while j ± (Ke z ; Mi, Mj) remains unconstrained. If we choose in our Breit 
frame j + (Ke z ; Mi, Mj) and j ± (Ke z ; Mi, Mj) free, then, as follows from Eq. 
fl75p , j~(Ke z ; Mi, Mj) must be interaction dependent, because of current con- 
servation. However, in the actual calculations of any elastic and inelastic form 
factor only three components of the current are necessary (cf. Sects. [TO] and 
|TI|), an d these components can be chosen free. 

Let us now consider the charge operator. In front-form dynamics it is 
defined as 

Q = J J+( x )5{x + )d A x (76) 
Therefore, from Eqs. ([§]) and (B9j), one has 



P ± ,P + \Q\<p) = j j j J + (P ± ,P + ;P' ± ,P' + )- 
exp i[{P + - P' + )x- - (P ± - P' ± ) ■ x ± ]{P' ± ,P' + \ip) ■ 

dx ± dx-dp(P' ± ,P' + ) =Y,^J + (Pi,Pi)(P±i P+ M (77) 

ij if 

where Eqs. (|4T|) and (f||) have been used. From Eq. fl59|) , for P + = P + and 
P ± = p u one has (Pf - P^)J + {P l ,P ] ) = 0, and then J + (P h Pj) = 0, if 
Mi Mj. Therefore only the terms with i = j contribute to the sum in Eq. 
{77]). Since from Eqs. (jt8|) and (|5D|) , B$(Hu) = and all the other 

components of B+(Ha) are equal to zero, using Eq. (|5T[), J + (Pi,Pi) can be 
expressed in terms of j + (Kij; Mi, Mi), where in our case Kij = 0. Therefore, 
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Eq. (|77|) becomes 



[P ± , P + \Q\cp) = £ M U Mi)(P ± , P + \<p) (78) 



We conclude that for each subspace Hi one must have (cf. Eq. (|7^|) ) 



j + (0; M i} Mi) = j~ (0; M<, M<) = v^eM.II, (79) 

where e is the total electric charge of the system under consideration. This 
normalization condition is trivially fulfilled by T,i=i jt re e i- 

All the above results show that the operator J M (0) satisfies i) Lorentz 
covariance, ii) V and T covariance, iii) Hermiticity, iv) continuity equation 
and v) charge conservation, if the operator j^(Ke z ; Mi, Mj) satisfies Eqs. 
O, (]5i), Q57]), jg), (gj, (H), (O) and (|7i). However, even if all these 
conditions are satisfied, this does not guarantee that the current operator 
fulfills locality and cluster separability (cf. Sect. [T] and Ref. [|39f). 



9 Matrix elements of the current operator 

In the scattering theory, one-particle states with four-momentum p' and spin 
projection a' are usually normalized as 

(p'>"bV> = 2(27r)y + ^ 2 W -Ff ± )6(p + -p + )6 a * l , (80) 

where 6 aa > is the Kronecker symbol. 

Since the form of the generators ( |32| ) is analogous to the form of the one- 
particle generators ([T3|), the wave function of the state with four-momentum 



P' and internal wave function \' can be written in the form 

(P ± , P + ; fe l9 (7i, k N , <j n \P', X ') = 2(2tt) 3 P' + 5^(P ± - P'J ■ 
S(P + -P' + ) X \k l ,a l ,...,k N ,a N ) (81) 

Indeed, as follows from Eqs. (|25j) and ([ZBD, in this case the normalization is 
analogous to that in Eq. (|8Dp : 

(P",X"|P', X '> = 2(27r) 3 P'+<5( 2 )(P ± " - P' ± )S(P" + - P' + ) ( X "|x'> (82) 
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where the scalar product on the right-hand side is understood only in the 
space Hint- 

Let us now consider the em or weak transition of the state with mass 
Mj, four-momentum P'- (such that Pj 2 = Mj) and internal wave function \j 
to the state with mass Mj, four-momentum Pi and internal wave function Xi- 
Then, as follows from Eqs. (@), (^)-|D and (|5"T1) , 

(P^ Xl \r(x)\P' pX j) = exp[%{Pi - P^BiHi^ixilfiK^M^M^Xj) 

(83) 

where the matrix element on the right-hand side must be calculated only in 
the space Hint- 

From Eq. ([83]) , it is clear that a process in an arbitrary frame can be 
investigated in terms of the current in the Breit frame. This observation has 
been essentially used in the method of Ref. [jr§ . 



In turn, using Eq. (|6T|) , we can express matrix elements of the current 
operator in terms of the matrix elements of the operator j^(Kije z ; Mi, Mj): 



{P hX i\J»(x)\PpXj) = exp[t(Pi - P' 3 )x] 
L[/3( J f/ u )r(K u -)]^X i |^b(^/M)-V(K u -)] 

\7' 



f(K {j e z] M i} M j )D s ^[r(K ij )- 1 v(K / j /M j )}\x j ) (84) 



As follows from Eqs. (^8|), (|8^ ) and from the definition of Kij, the 
matrix elements of the current operator in terms of the matrix elements of 
the operator j^(Kije z ; Mi, Mj) have the simplest form in the reference frame 
where 

P i± = P' j± = 0, J? + i* = 0, Pt^O (85) 
Indeed, in this case Eq. QS1|) obviously yields 



(Pi,Xi\J^O)\PpXj) = (Xilf^Kije^M^Mj^Xj) (86) 

where = \P?\ and ± = sign(Pi). 

It is useful to investigate the matrix elements of the current 
i^(Ke z ; Mi, Mj) between different internal states \xi) and \Xj), an d the con- 
straints imposed by the covariance for rotations around the z axis. In the 
em case, one has to consider also the constraints imposed by parity and time 



27 



reversal covariance (the current conservation will be furtherly discussed in 
Sect. |TT|) . From Eq. (|5D|) one immediately obtains 

j + (Ke z - Mi, Mj) = exp(-i<pS z )j + (Ke z ; M h M j )exp{i^pS z ) 
j-(Ke z ; M h Mj) = exp(-vpS z )j-(Ke z ; M h Mj)exp(upS x ) (87) 

and therefore only the diagonal matrix elements of j ± (Ke z ; Mi, Mj) are dif- 
ferent from zero. As for the _L components of the current, one has 

j x (Ke z ; M h Mj) = exp(-upS z ) 

[costp j x (Ke z ; Mi, Mj) + simp j y (Ke z ; M t , Mj)} exp(itpS z ) 

j y (Ke z ; Mi, Mj) = exp(-i(pS z ) 
-sirup j x {Ke z ; M h Mj) + cosp j y (Ke z ; Mi, M 3 )} exp{i<pS z ) (88) 



Let \Xi(j)) = \Mi(j)Sitj-\Si z u z \) G Hint be an eigenstate of mass, M^, intrinsic 
angular momentum, S^, and third component of angular momentum, S iz ^ z y 
From Eq. (|8Sf ) it is straightforward to obtain the matrix elements of j y from 
the ones of j x , namely 

(Si Z SiMi\j y (Ke z ; Mi, Mj)\MjSjSj Z ) = -exp[-i^{S iz - S jz )} 
(Si Z SiMi\j x (Ke z - M h Mj)\MjSjS jz ) ~ (89) 



Furthermore, after substituting Eq. (|8S|) in Eq. (|8S|) one finds that the matrix 
elements are vanishing unless (S iz — Sj z ) 2 = 1. 

The t/y-parity covariance, (Eq. ( |57|) ), yields 

(SuSiMilj^Ke^M^M^MjSjSj,) = w^C-l)^ 5 ' 5 
-Si.SiMilfiKe,; M % , M 3 )\M 3 S 3 - S jz ), (90) 



{S iz SiMi\j x {Ke z ; M h M l )\M l S l S i: _) = - ^^.(-1)^) 
(S iz SiMi\j x (Ke z - M h Mj^MjSj - S ]Z ), (91) 

(SuSiM^Ke.-MuMj^MjSjSj,) = ^^.(-1)^"^ 
(S iz SiMi\j y (Ke z ; M % , M 3 )\M 3 S 3 - S jz ) (92) 
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and therefore only the matrix elements with Si Z > are independent. 
Finally the LVparity ('time reversal') covariance, (Eq. gives 

(SizSjMilj^Ke,; M t , Uj)\UjSjSj..) = W . (- 1 ) V^-s^-a^ 
(=S~SM\]W^-, M^MjSj - S~) (93) 



As is well known, combining parity, Eqs. (|9U|)-(|9T1), and time reversal, Eq. 
(1931) , one obtains that the matrix elements of j x and j are real, while j y is 
immaginary, as also follows from Eq. 



10 Applications to deep inelastic scattering 

Let us first consider the problem of calculating the tensor ([]]). As follows 
from Eq. 



= i- e^tt^V + q - p")(p', xV M (o)|P", x" 
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<P", X " |^(0)|P', X ') (94) 

where the sum is taken over all possible final states with four-momentum P" 
and internal wave functions x" • 

We will consider the process in the reference frame where P' ± = q ± = 0, 
P' z = -P" z = K > 0. Then, as follows from Eqs. 



= i- £(2tt) V 4 ) (P' + q- P" ) ( X '\f(Ke z] m, M" ) | X " ) ■ 
( X "|/(-ife,^m)|x') (95) 

where m is the mass of the nucleon and M" is the mass of the final state. As 
follows from the delta function in Eq. (|95f ) and the definition of the Bjorken 
variable x = Q 2 /2(P'q), in the Bjorken limit (when Q ^> m and x is not too 
close to or 1) 

„ 2 Q 2 (i-aQ x Q (Q6) 

x ' 2[(2-a:)ar]V2 W 
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(note that in the Bjorken limit these quantities do not depend on m). 

Using these expressions it is easy to show that in the reference frame 
under consideration 

P' + = V2K, P" + = V2K(l-x), p- = V2K{2-x) (97) 

Because of Eq. Q52j), we have to choose the operators j^(—Ke z ] M" , m) 
and j^(Ke z ; m, M") in such a way that 

f{-Ke z - M" , m)* = j"(tfe,; m, M" ) (98) 

This expression makes it possible to rewrite Eq. ( |95| ) in the form 

W* = ^ £(2tt) 4 ^ 4 ) (P' + g - P" ) | (x'\f(Ke z] m, M" ) | X " ) | 2 (99) 

From Eq. (|33j) one has 

f{Ke z ;m,M n ) = II J^(0, P + ; 0, P" + )IT (100) 

where II' and II" are the orthogonal projectors onto the states with the masses 
m and M" respectively, and P + and P" + are given by Eq. (g7p. 

A usual assumption in the parton model (where the final state interac- 
tion is neglected) is that the current operator can be taken in IA, viz. 

f(Ke z ;m,M") = nj£ ee (0, P + ; 0, P"+)n" (101) 

where J^{fyf r ee = ^iLiJfreei- Sect. 0, we have already shown that, in 
general, the free current fulfills the extended Lorentz covariance; moreover, 
as already noted, the Hermiticity property, Eq. fl53Q, does not impose any 
further constraint in DIS, since m ^ M". In the actual calculations of the 
structure functions, for any value of the momentum transfer, only three com- 
ponents of the current are needed and can be chosen unconstrained with 
respect to the current conservation, while the fourth component can be de- 
termined through the current conservation, see Eq. (|75|). Therefore the 
structure functions could be calculated by using the + and _L components of 
the free current operator in the Breit frame, even in the case where the final 
state interaction is present (cf., e.g., [|10f). However, in the parton model all 
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components of the free current are compatible with current conservation in 
the Bjorken limit. As a matter of fact, the + and _L components of the vector 
P are the same as for the system of free quarks and gluons, and we have to 
discuss only the value of P~, that differs from the free one, for demonstrating 
that the free current satisfies the current conservation in the parton model. 
For the initial state, given our choice of the reference frame, the value of P 
is negligible and therefore the difference with respect to the value in the free 
case is vanishing in the Bjorken limit. For the final state, if the interaction 
is disregarded, as in the parton model, is the same as for the free sys- 
tem. Therefore Eq. ( |75| ) is satisfied by the free current in the Bjorken limit. 
The above discussion indicates that a consistent calculation of the tensor ([I]) 
can be achieved in the parton model by replacing the full current operator 
J^(x) with the IA one. Obviously this assumption does not imply that the 
IA current operator can be adopted for calculating matrix elements in any 
other reference frames, apart the ones reachable by front-form boosts. 

Summarizing, the parton model does not contradict Poincare covariance 
and current conservation, although the nucleon is described as a bound state 
of quarks and gluons (see the discussion in Sect. [I]). However, it is clear that 
the conditions (|5Df ), (|67|), (|7T]), and ([791) are not too restrictive and they 
allow many choices of j^. 

If the cluster separability is important, then in order to recover the 
parton model results (cf. |f£t| ) one can choose the em current as follows 



f(Ke z ;m,M") = U'AJ^ ree (0, P' + ; 0, P^A^W (102) 
where A is the packing operator. 



11 Elastic and inelastic scattering 

As shown in Sect. 0, in the case of elastic scattering the Hermiticity condi- 
tion represents a constraint to be imposed on j^{Ke z ; Mi, Mi), besides the 
extended Lorentz covariance and current conservation. Indeed, in this case 
the operators j^(Ke z ; Mi, Mi) and j^(Ke z ; Mi, Mi)* must be connected by tt 
rotations around the x or y axes (see, e.g., Eq. (£>D). However, as already 
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noted, Hermiticity can represent a non trivial constraint also in the inelastic 
case, if the current operator is defined for any value of the masses. 

Let Mi(j\ be the mass of a bound state \Xi(j)) °f s P m ^i(j) an d third 
component Si z u z \, II^-) be the projector onto the corresponding subspace 
and J^{Ke z ; Mi, Mj) be a current which fulfills Eq. (|5^1) for any rotation u z 
around the z axis (in the em case we assume that J^[Ke z , M i} Mj) satisfies 
also Eqs. fl57Q and ( |65|) ). As we have already shown, a possible choice is the 



following one 



where 



J»(Ke z ; M h Mj) = Jjf ree (0, P' + ; 0, P + ) Uj (103) 



P' + = -Um 2 + K 2 ) 1 ' 2 + K], P + = ^ r [{m 2 + K 2 ) l ' 2 -K] (104) 
v 2 v 2 

and K = Q/2. Then a choice for the current compatible with the Hermiticity 
condition, Eq. O), and with the extended Lorentz covariance is 



1 

2 

J^-Ke z ;Mj,Miy} (105) 



f(Ke z - M h Mj) = -{JHKe z ; M i: Mj] 



where J^(—Ke z ; Mj, Mi) is given by a 7r rotation of J^[Ke z , Mj, Mi) around 
the x axis, in agreement with Eq. (0), viz. 

J\-Ke z ,M 3 ,Mi) = mr x (-7r)} exp(mS x ) 

J v {Ke z ; M 3 , Mi)exp{-nrS x ) (106) 

It is easy to show that the Hermiticity condition, Eq. (|54]), is satis- 
fied by the current defined by Eqs. ( |lUb|) and (|luq ) by noting that 



exp{i2TiS x )f{Ke z ; M % , Mj)exp(-i27rS x ) = j»(Ke z ; M % , Mj). 

It is also straightforward to check that such a current fulfills extended 
Lorentz covariance (i.e., Eqs. ( |5U|) , ( |57| ) and (^S|)). In particular, Eq. (1591) 



holds since L[r x (7r)]L[u z }L[r x (— n)] = L[— u z \ and exp(—i7rS x )S z exp(i7rS x ) = 
— S z . Parity covariance, Eq. (|57|), holds since L[r x (7r)]A y L[r x (— w)} = A y and 
U y int exp(mS x ) = exp(-i2irS z )exp(mS x )U y int . 

For the time reversal one can follow analogous arguments. 
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The Hermiticity condition, Eq. @), imposes the following constraints 
on the matrix elements 



(S jz S j M j \F(Ke z -M h M j y\M i S i S iz )=5 Sjz ,s iz (-1)^"^ 

(107) 



J2 

■SjtSjM^Ke^MjtMftMiSi - S iz ), 



{SjzSjMjlUKe^M^M^MiSiSiz) = (-1)^) 
(SjzSjMjlUKez-M^M^MiSi - S iz ), 

(108) 

(SjzSjMjljyiKez; M h Mj)*\MiSiS iz ) = - (-l)&~ s i) 
(SjzSjMjljyiKez, M h M^MiSi - S lz ) 

(109) 

since (S z Sm\D s [r x (-7r)]\mSS' z ) = 5s z -S' z (—l)~ s+Sz exp(iirS z ). Equations 
(|108|) - (|109|) are obviously compatible with Eq. (1891). 

Let us discuss now the current conservation in the elastic case (Mi = 
Mj = m; S{ = Sj = S). If j + (Ke z ;m,m) and j ± (Ke z ;m, m) are chosen 
as independent components of the operator j^(Ke z ; m, m), then, in order to 
satisfy the continuity equation, j~(Ke z ; m, m) has to be defined through Eq. 
(|7o"l) , which reads for the elastic scattering 

j~{Ke z ; m, m) = j + (Ke z ; m, m) (110) 

This condition implies that j z (Ke z ; m, m) = 0. 

It is important to notice that Eq. ( |110|) can be obtained as a conse- 
quence of extended Lorentz covariance and Hermiticity, or in other words 
that, in the elastic case, the extended Lorentz covariance together with Her- 
miticity imposes current conservation. Indeed from Lorentz covariance (Eq. 
([87])) only the diagonal matrix elements of j (Ke z ; m, m) are different from 
zero, while from parity and time reversal covariance we know that they are 
real. Then from Hermiticity (Eq. (|10Y| )) 

(mSS z \j~(Ke z ; m, mY\mSS z ) = (mSS z \j~(Ke z ; m, m)\mSS z ) = 
(mS — S z \j + (Ke z ; m, m)\mS — S z ). (HI) 
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Therefore using parity covariance (Eq. (PD|)) we obtain 

(mSS z \j~(Ke z ; m, m)\mSS z ) = (mSS z \j + (Ke z ; m, m)\mSS z ) 
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i.e., Eq. qrrop. 

In particular the current defined by Eqs. (|1U3| ) and ( |1U5| ) represents a 
possible choice. In this case it can be immediately seen that 



(mSS z \j + (Ke z ; m, m)\mSS z ) = (mSS z \J' + (Ke z ;m,m)\mSS z ), (113) 
(mSS z \j x (Ke z ;m,m)\rnSS' z ) = ^[(mSS z \J x (Ke z ;m,m)\mSS' z ) - 
(mSS' z \J x (Ke z ;m,m)\mSS z )} (114) 

An elementary application is represented by the elastic scattering from 
a target with 5 = 0. In this case only the matrix elements of j + are relevant; 
they are diagonal and real, and therefore the terms in Eq. ( |1(J3| ) are equal 



each other (note that: i) L^[r x (— 7r)] = 1, and ii) the matrix elements of 
exp(—mS x ) are equal to one). 

It is clear from the above discussion that in the elastic case one has (as 
usual) only 25* + 1 independent matrix elements for the em current defined 
in Eqs. ( |1U5| ) and ( |l(J(j| ), corresponding to 25 + 1 elastic form factors. The 
matrix elements of j y and j~ can be obtained from the matrix elements of j x 
and j + , respectively, because of Eqs. (|89|) and (|11U|) . As follows from Eqs. 
(P0|) or ( |93|) , there are [5 + 1] non-zero independent matrix elements of j + 
([5+1] is the integer part of 5 + 1) and they can be chosen as the diagonal 
ones with S z > 0. The independent matrix elements of j x are [5 + 1/2] and 
can be chosen to be (mSS z \j x (Ke z ;m,m)\mSS z — 1} with S z > +1/2, as 
follows from Eqs. ([1081) , and (0) or (|93|). 



Also in the inelastic case, the matrix elements of j y and j can be 
obtained from the matrix elements of j x and j + , respectively, because of Eqs. 
O and (1750. As follows from Eqs. (|U|) or ®, there are [5 + 1] non- 
zero independent matrix elements of j + (with 5 = min(Si, Sj)). The matrix 
elements of j x are constrained by the rules \Si z — Sj z \ = 1 and Si z > (see 
Eq. (PT|)). For instance, in the case of the transition from the nucleon to 



a resonance with Sj = 1/2 one has only two independent matrix elements, 
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while for a transition to any resonance with Sj > 1/2 one remains with 
only three independent matrix elements, one for j + ((l/2|j + |l/2)) and two 
for j x ((l/2|ja;| — 1/2} and (l/2|j x |3/2)), corresponding to the three helicity 
amplitudes. 

Summarizing, if one adopts the current defined by the Eqs. (|1U3|) , 
(|1U4|) and (|lUtj|) the extraction of em form factors in both the elastic and 
inelastic scattering is no more plagued by the ambiguities discussed in the 
introduction. 



12 Conclusion 

The results of the present paper show that the constraints imposed by (ex- 
tended) Poincare covariance and current conservation allows one to deter- 
mine the current operator through some auxiliary operators j^(Ke z ; Mi, Mj), 
which act only through internal variables and are covariant for rotations 
around the z axis. Unfortunately the latter operators are not unique. This 
is in agreement with the results of Ref. jP| where it has been shown that all 



matrix elements of the current operator can be expressed in terms of some 
set of fully unconstrained matrix elements. We have demonstrated that it 
is possible to choose explicit models for j^(Ke z ; M i} Mj) such that all the 
necessary requirements are satisfied. In particular, as noted in Sects. 0, |8], 
and [TT] (see especially Eqs. flIUIl) , ( |TU2| ) , ( gDg ) and (|TU5|)), the opera- 



tor j^{Ke z ] Mi, Mj) can be obtained by projecting the free current operator 
onto the subspaces corresponding to definite eigenvalues of the mass and spin 
operators. 

It is also worth noting that, although the choice of the Breit frame 
where the initial and final momenta are directed along the z axis is rather 
convenient, analogous results for constructing the full current operator from 
auxiliary ones can be derived by choosing any frame obtained from the Breit 
one by Lorentz transformations corresponding to the group 5, where B is 
a subgroup of SL(2,C) such that b G B if b\2 = (it is easy to see that 
B is obtained from B by adding rotations around the z axis). This follows 
from the fact that in the front-form dynamics the Lorentz transformations 
corresponding to the group B are kinematical. In particular, we can use 
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the plus and _L components of the free current operator for constructing the 
same components of the auxiliary operators in all such reference frames and 
then the matrix elements of the minus components can be determined (if 
necessary) from the continuity equation. 

In Sect. [TU| we have considered the application of our results to DIS. 
It has been shown that for calculating the matrix elements of the current 
operator in the infinite momentum frame where the initial and final momenta 
are directed along the z axis we indeed can use the free current operator and 
this does not contradict the fact that the nucleon is a bound state of quarks 
and gluons. At the same time it has been briefly mentioned that problems 
with locality and cluster separability exist. These problems will be considered 
elsewhere [J3^ . 

In Sect. [IT] we have applied our results to the elastic and inelastic 
scattering for particles with arbitrary spin. In contrast with the approaches 
discussed in the Introduction, we have no problem with the angular condition, 
since our model current is in agreement with extended Poincare covariance 
and current conservation, by construction. Therefore the number of indepen- 
dent matrix elements of the current is equal to the number of physical form 
factors. 

Finally, it should be pointed out that our approach, based on the reduc- 
tion of the whole complexity of the Poincare covariance to the SU(2) sym- 
metry can represent a simple framework where to investigate the possible 
many-body terms to be added to the free current, since they must obviously 
fulfill the rotational covariance condition of Eq. (|5S| ). 

Numerical calculations for the deuteron elastic form factors and appli- 
cations to the hadron elastic and transition form factors are in progress. 
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In this appendix it will be shown that 

W - %L(l) -^ = W{u ,^ } (A.l) 

where K { = B(Hij)~ l Pi and u G SU(2) is given by Eq. Q531), viz. 



u = MYH-^ig) (A.2) 
with g' = L{l)~ l Hij and <? = Hij. Using Eqs. ( p7T|) and ( [A. 4 ), one has 



W(u, g) = / 3(L( M )^)- 1 /3(<,')- 1 r 1 /3(ff ii )/3(^) (A.3) 



Using the group property of the boosts (Eq. ([[!)) one has 



/W(g) = /?( = /3(g) (A.4) 

and 

Pirn grwr 1 = pwmmjj)- 1 (a.5) 

Finally the multiplicative rule of the Poincare group yields 



Then, collecting the results from Eqs. ( |A.3| )-( pO^ ) we find that Eq. ( jA.lj) 
holds. The same it is true for W 1 ^, L^P'jMj) = W{u, K]jM 3 ) 
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